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BRUCE L. CHALMERS

ABSTRACT. This paper demonstrates a Remez exchange algorithm
applicable to approximation of real-valued continuous functions of a real
variable by polynomials of degree smaller than n with various linear restric-
tions. As special cases are included the notion of restricted derivatives approx-
imation (examples of which are monotone and convex approximation and re-
stricted range approximation) and the notion of approximation with restrictions
at poised Birkhoff data (examples of which are bounded coefficients approxi-
mation, e-interpolator approximation, and polynomial approximation with re-
strictions at Hermite and “Ferguson-Atkinson-Sharma’ data and pyramid matrix
data). Furthermore the exchange procedure is completely simplified in all the
cases of approximation with restrictions at poised Birkhoff data. Also results
are obtained in the cases of general linear restrictions where the Haar condition
prevails. In the other cases (e.g., monotone approximation) the exchange in gen-
eral requires essentially a matrix inversion, although insight into the exchange
is provided and partial alternation results are obtained which lead to simplifica-
tions.

1. Introduction, preliminaries and examples. This paper demonstrates a
Remez exchange algorithm applicable to approximation of real-valued continuous
functions of a real variable by polynomials of degree smaller than n with various
linear restrictions. In [2] existence and uniqueness results were proved in this
setting. As special cases are included the notion of restricted derivatives approx-
imation (examples of which are monotone and convex approximation and re-
stricted range approximation) and the notion of approximation with restrictions
at poised Birkhoff data (examples of which are bounded coefficients approxima-
tion, e-interpolator approximation, and polynomial approximation with restric-
tions at Hermite and *“Ferguson-Atkinson-Sharma” data and pyramid matrix data).

The key to the uniqueness theory is a generalized Haar condition [2, p. 310].
A new condition called nearly Haar is introduced in the present paper and plays
an important role in the development of a Remez exchange algorithm which is
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shown to converge to the best approximation in this general setting (Theorems 3.1
and 3.2). Furthermore, the method of exchange can be completely simplified
(see §4) in all the cases of approximation with restrictions at uniform rank n
(see Definition A) Birkhoff data (e.g., bounded coefficients approximation, re-
stricted range approximation with bounded coefficients and, more generally, ap-
proximation with pyramid restrictions) and/or with interpolatory restrictions at
poised Birkhoff data. The exchange is as simple as the familiar Tchebycheff ex-
change in the unrestricted case (which is also the same as in the case of restricted
range approximation [13]). Also, results are obtained in the cases of general
linear restrictions where the Haar condition prevails (see §4). In the other cases
(e.g., monotone approximation) the exchange in general requires essentially a
matrix inversion. Even here, however, a complete insight into the exchange and
why it does not simplify to the same extent as in the case of bounded coeffi-
cients approximation is explained (see §4). Nevertheless partial alternation results
are obtained which lead to simplifications in the exchange.

In [5] P.J. Laurent proves the convergence of a Remez exchange algorithm
for one-sided (sece Note 5 of §3) restricted approximation assuming the usual
Haar condition, which is not, however, satisfied, for example, in the case of
restricted derivatives approximation (e.g., monotone and convex approximation).
In [13] G. D. Taylor and M. J. Winter prove the convergence of a Remez algo-
rithm for two-sided Restricted Range Approximation. By combining these two
methods we obtain the convergence of a Remez algorithm for two-sided re-
stricted approximation provided the ordinary Haar condition is satisfied (The-
orem 3.1). Further, by use of the nearly Haar condition we can approximate
the problem in the more general setting (e.g., restricted derivatives approxima-
tion) by a discrete problem in which the Haar condition holds (Theorem 3.2).

Laurent’s results do apply to the case of discrete uniform rank n Birkhoff
data (see Note 5 of §3) but the exchange still involves a matrix inversion. In
84 (Theorems 2, 3, 6, 7) it is seen, as mentioned above, that in this case (and
even if the data is not discrete) the exchange can be completely simplified.

In the following the setting and background of our investigation is de-
scribed in detail.

Let E denote a compact subset of the real line and let CE denote the real
space of real-valued continuous functions on E with the usual supremum norm
-1z or I-. Let V" be an n-dimensional subspace of CE. For some fixed in-
dex space A4, let {L*}, , be a compact space (usual norm) of linear functionals
defined on V", such that, for each p in V", L%p is a continuous function on A4,
where A inherits the norm topology of {L*},c 4. Now set

Vi={peV"l <L <u,a€A},
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where /, and u,, are extended-real-valued functions on 4 and /, < 4o, u, >
—oo, ], and u,, are finite on closed sets relative to which they are continuous, and
l, <u,. We assume, moreover, that /, = u, implies « is an isolated point of A.

Let e, represent point evaluation at x in E. Now consider any fixed f in
CE — Vg with the restriction that if L* = e, for some a in A and some x in E,
then I, < f(x) <u,. We are concerned then with approximating f by elements
of Vg.

We showed in [2] that, if Vg is not empty and V" satisfies a generalized
Haar condition, then there exists a unique best approximation p in Vg to f.

For the treatment in this paper we will need an additional hypothesis on
V™ which is satisfied by all the examples in question.

DEFINITION A. If any kth order subset of {N;}74! has rank k, we will
say {N;}5! has uniform rank £, i.e., E =19V, = 0 implies all &; = 0. We will
also say the (n + 1)-tuple (V;, N,, ..., N, ,) has uniform rank %.

DEFINITION B. V7" is called nearIy Haar on Q = {L*},c 4 U {e,},cfg pro-
vided the set of n-tuples (R, R,, ..., R,) € Q", where the R, are linearly de-
pendent, forms a closed nowhere dense subset of " (or alternatively the set of
(n + 1)tuples R, R,, ..., R,,;) € Q" which do not have uniform rank
n forms a closed nowhere dense subset of Q7 *1),

DEFINITION. V™" is called Haar (on ) if any distinct n elements in Q are
linearly independent, i.e. any set of n + 1 distinct elements in  has uniform
rank n.

We now give several examples, the first two of which will be seen to be
special cases of Example 3. Existence and uniqueness of best approximation in
all these examples was shown in [2] as a consequence of the fact that a general-
ized Haar condition held. We emphasize that the above stated Haar condition
emplies the generalized Haar condition and therefore uniqueness of best approxi-
mation holds from V§ whenever V" is Haar (on Q). For bibliographical refer-
ences to previous work on these examples, see [2]. In the sequel P,_, will repre-
sent the space of real polynomials of degree no larger thann — 1,ie. P, _, =
{eg+eyx+---+c,_;x" 1}

ExAMPLE 1 (MONOTONE APPROXIMATION). Let (€5, €, ..., eq) be a
(g + 1)-tuple with elements equal to +1 and let {k;} %, be a fixed set of ¢ + 1
integers satisfying 0 <k, <k, <-:- < kg < n 1. “Monotone Approxima-
tion” in C[a, b] by the set N = {p €P,_,;€p i)(x) =0on [q b],i=0,1,

. « » q} has been studied by O. Shisha, G G. Lorentz and K. L. Zeller, R. A. Lor-
entz, and J. A. Roulier.

EXAMPLE 2 (RESTRICTED RANGE APPROXIMATION). Approximation in
Cla, b] by the set N={p €P, _,; I(x) < p(x) < u(x), x € [a, b]}, where I(x)
and u(x) are extended-real-valued functions, upper and lower semicontinuous



108 B. L. CHALMERS

respectively, and I(x) < f(x) < u(x) on [a, b], has been investigated by G. D.
Taylor and others. With the assumption that I(x) < u(x) on [a, b], uniqueness
of best approximation holds for /(x), u(x) continuous on [z, b]. In [13],a
Remez algorithm was shown to converge.

These two examples are seen to be special cases of the following example.

EXAMPLE 3 (RESTRICTED DERIVATIVES APPROXIMATION) Let {k,}0_o
be a fixed set of ¢ + 1 integers satisfying 0 <k, <k, <- <k <n-1.
Consider approximation in C[a, b] by the set N={pEP,_,; I,(x) < p("i)(x)
Sux),i=0,1,...,q}, where /(x) < +o° and u,(x) > —o are finite on
closed sets relative to which they are continuous, and /,(x) < y;(x) on [, b],
i=0,1,...,q. Also assume that if k, = 0, then /,(x) < f(x) < u,(x), and
if k; > 0, then /(x) and u,(x) are either differentiable or identically infinite on
[a, B].

Restricted Derivatives Approximation fits into our scheme as follows. First
let E = [q, ] and let A =UZL,{(x, i); x € E}, endowed with the obvious to-
pology. Let ¥,, =P, _,. Then for each @ = (x, i) € 4, we have L°p p(ki)(x)
Next we set [, = l,(x) U, = ux) for all @ = (x, i) in 4, and we find that N =

={peEV"1,<L°p<u,,a €A}

One can check that the remaining conditions hold. Surely {L* = e:‘, where
e';’ denotes point evaluation at x of the k;th derivative} is a compact set in the
dual of V", L%p = p("")(x) is a continuous function on A for each p in V", and
if L* = e,, for some a in 4 and some x in E, then I, < f(x) < u,.

The fact that V" is nearly Haar follows immediately from well-known
properties of (n — 1)st degree algebraic polynomials (see [4]).

EXAMPLE 4. Let E be any compact subset of the real line and let V" C
CE. Further consider s elements L1, L2, . .., LS in the dual of V" such that
for each choice of r functionals L1, L2, . .., L’r, (U1, 72, . . ., L'r, »ex
Cxppp0 e Cx, } is an independent set for every choice of n — r points
(X410 Xpp20 -+ » X, 1, 7 <05, provided e, #LUi=1,2,...,nj=r+1,

on letVg={peVr I,<L’p<ui, =1,2,...,s5}. V" is Haar on
by definition.

This example fits into our scheme where 4 = {1, 2, .. ., s} with the dis-
crete topology.

Applying Example 4, we have the following three specific examples:

EXAMPLE 5 (BOUNDED COEFFICIENTS APPROXIMATION) Let {k,}L, be
a fixed set of ¢ + 1 integers satisfying 0 <k, <k, <- "<ky;<n-1. Ap-
proximation in C[0, 1] by the set N={p €P, _,; ], <p ')(0) <u,i=0,1,

. » q} has been studied by J. A. Roulier and G. D. Taylor where they proved
uniqueness of best approximation provided, in the case k, = 0, that [, < f(0) <
ug. (Letting Lp= p(k")(O), i=0,1,...,q,we have the linear independence
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required in Example 4 as a result of Theorem C in [1].)

EXAMPLE 6 (6INTERPOLATOR APPROXIMATION). Fix x; <x, <:-+<
x; in E with k < n and let € > 0 be given. Let V" be an n-dimensional Haar
subspace of CE. Then p in V" is said to e-interpolate f at x,, x,, ..., X,
provided |f(x;) — p(x)| < € for each x;. G.D. Taylor proved uniqueness of best
approximation of f by e-interpolating elements in V",

EXAMPLE 7 (POLYNOMIAL APPROXIMATION WITH INTERPOLATION). Fix
x, <x, <+ <xin [a, b] withk <n. Let V" =P, _,. ThenletK =
{peP,_;;pV(x) =a;, 1 <i<kand 0<j<m, — 1} where {} is a set of
real numbers and {m,}%_, is a set of positive integers such that ZX.,m, <n.
Uniqueness of best approximation to f € {f € Cla, b]; f(x;) = a;5, 1 i<k}
by elements of K was proved in [7]. (Letting L7p = p()(x,), we have the linear
independence required in Example 4 as a result of Theorem C in [2].) Also from
Theorem D in [2], it is clear how we can generalize the set K of Example 7.
Also in [7], a Remez exchange algorithm was shown to converge in the case of
strictly Hermite data.

2. Characterization of best approximation.

DEFINITION. Forp in Vg aset S = {L%},er, U {e )ies 5 of symbols
representing distinct elements in the dual of V" (where I; C 4, I C E) is called
an extremal set for f and p if

@) L°p=u, (orl),a€l,,

GQ) I(f-p)x)I = If - pl x €15,

(@) e, & {LYaer, If I(f - )| = If - L.

DEFINITION. Let §' = {L%} e, U {ex}xer, be the extremal set for f
and p maximal with respect to /, and I, (ignore the auxiliary functions M in
1.

Define a “signature” function o on S’ by
oe)=1 ifep=F@)-1f-pl
ole,)=-1 ifep=If-pl+f(x),
oL=1 ifL% =1,
ol =-1 if L% =u,.
That is, o is 1 at lower extrema and — 1 at upper extrema. Then define S° =
{o(R)R; R € S'}.
The following characterization theorem is a restatement of Theorem 3.8.5

in [5] for the present setting (and holds, it should be emphasized, in the absence
of any Haar conditions).
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THEOREM 1. p is a best approximation to f if and only if O is in the con-
vex hull of some k (< n + 1) members of S% ie., 0 = ZX AN, where N, €
SHN>0,i=1,2,...,k<n+1.

ExaMPLES. Examples of this theorem are found in many of the works on
constrained approximation (e.g., in the case of Monotone Approximation see [8,
p. 5]). See also [3, p. 73].

DEFINITION. Following Laurent [5], we extend the domain of f to
{£L%} 4 4 by setting L%f = I, and (- L*)f = — u,, introduce an auxiliary dis-
tance d of f from Vj by d = infq ey 6.p(f — q) where p(h) = sup{|N(h)|}, where
N ranges over {te,}.cp U {+L%}c 4; ie., p(h) = max{ll, sup,e 4 IEL*MI}.

NOTATION. N = e, will indicate that IN(f — p)| = If — pl. N = £L*®
will indicate that N € S° but N # te_.

In the case where k =n + 1 and {N;}74? has uniform rank n, then in The-
orem 1, the quantity d is related to the linear combination I = ZL AN, (as-
suming ZNF“x)‘i = 1) via the following restatement of Theorem 393in [5]:

THEOREM 2. I(f) =d = If — pl, where p is the best approximation to f,
and p and d are determined by the n + 1 linear relations:
Np=Nf-d ifN,=te,
Np=Nf  ifN,=zL°

3. Convergence of a Remez exchange algorithm.
REMEZ ALGORITHM. Suppose at the vth stage we have the extremel set
(of uniform rank n)

S"'"{N"}""'l {iLv}lv U{:te }7“;:,+1

for f and p,, the best approximation to f from
={p€V";I"<L"p<u”,i= L2,...,k}

with respect to I |, where E” = {x{}{L} 0, ;. Letd, = If - p,}_
In order to construct the (v + 1)st stage, let N4 be a functxonal yielding
the maximum deviation of f — p, on {e xep U (2L e 45 i, Ny yields

max{ max N(f-p,)—d,, maxN(f p)} =e,;
N=te,

then exchange one of {N]}/,! for N§ via the Exchange Procedure (see below)
to obtain the set
n+1

Y .
;’+1 =k, +1

s:+l = {Nv+l}n+l -{tL"+l}i v+1 U{ie
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Next calculate p, ; (and therefore also d,,, ;) according to the prescription of
Theorem 2.2.

NotE 1. By Theorem 2.2 we have that in the above algorithm p,, , is
the best approximation to f from

Ve =evhpt <uitlp<uitli=1,2,...,k,,,}

with respect to N H_psq where E*! = {x/* 1120} .. (Alsod,,, =
Uf = Py i hpver)

NoTE 2. For the 1st stage of the algorithm, let k, = 0 and E' =
{x} }4 ! be a set where p, does not interpolate f. Thend, > 0.

EXCHANGE PROCEDURE (see Laurent [S, p. 147]). Suppose

(1) 0= ZL{ NN, where A, > 0 and {N;}74! has uniform rank n. Given
N,, we can find an N; to replace by N, so that 0 = E,#)\,*N, + 7\,’."N. where
Af>0and 7\;‘ >0 as follows:

whence

(2) Ny = Z4 0N, with at least one o; > 0 (namely o}, ., = 1). Then
multiply (2) by A > 0 so that

(3) WV, = Z 1, N, where A, > o; with equality holding for some i.
Then subtracting (3) from (1) yields the result.

NotE 3. Computationally the above exchange involves an n x n matrix
inversion to determine {a,} =, and a linear search to determine Al = max,a,/)\,

NoTE 4. If V" is Haar on 2 then A; = o; for exactly one i.

NotE 5. The Haar condition imposed in [5, p. 140] in the discussion of
constrained approximation precludes both L* and — L® from being restraining
functionals, since L*p = 0 implies (—L*)p = 0. Thus the imposition of both an
upper and lower restriction on the same functional L%, ie.l, < L%p and —u, <
(= L%)p is not allowable. This theory therefore does not yield as an example the
Remez algorithm for ordinary restricted (both above and below) range approxi-
mation, obtained in [13]. ([5, p. 149, Proposition 3.9.6] does not hold if both
L® and — L* occur because then AL® + A(— L*) = 0. The method of proof in
[5] does extend, however, to upper and lower restrictions on L* if L* is isolated
in the dual.)

The methods of [5] can, however, be combined with the methods of [13]
to obtain a Remez algorithm in the general setting with upper and lower restric-
tions as we see in Theorem 1.

We need the following well-known result.

LEMMA 1. Let D be a compact metric space with metric p. If M is an
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n-dimensional Haar subspace of C(D), A > 0 is given and S = {(R,, ..., R,) €
D"; p(R;, R)>8>0fori# j}, then there exists C > 0 such that if h € V"
with |[h(R))| < A for some Ry, . .., R,) €S then maxzeplh(R)I < C.

NOTATION. If w belongs to the dual of ¥, then lwll = suplw(h)l, where
h ranges over those functions in ¥” of norm 1.

THEOREM 1. If V" is Haar on S, then the sequence {p,} generated by the
Remez algorithm converges to the best approximation p.

Proor. Since il < Il and V' D Vg, we have d, = If - p iy <
If -pl_, < If-plg = d. By Theorems 2.1 and 2.2 let I” = ZZHINN} where
A >0, EN;,=“ A/ =1,and I” = 0 on V". Then from Theorem 2.2 and the
X

Exchange Procedure, we have

n+1
dv+l = Iv+lf= I"“(f—pv) - i_zl )\;1+1N;)+l(f_pv)

;Zi: NYINY(f-p,)+ k}’: 'NI(f-p,)
v

@

> Ntla + 7\;: 'Ny(f-p,)

v_ es
Ni—iex,ﬁé]p

=d, [ ) A;.’“] + 7\;’: 'IVNy(f-p,) - 8%d,)
N e
x

where 8" = 1 if Ny = te_ and 8 = 0 if Ny = +tL®. Hence
®) d, =d + )\;’: l{max [Ilf— plg - d, NTi)zaN(f— pp)] } .

Thus the sequence d,, is increasing and d,, <d.

Consider now the sequence of (n + 1)-tuples N” = (W}, N3, ..., Nb o),
v=1,2,... . Since {e,} g U {*L%},c 4 is a compact subset of the dual
of V™ and contains all N}, any subsequence of N” has again a subsequence N* =
WY, Ny, ..., N4, ) which converges to N=(N,, N,, ..., N, ;). (Here
n=w)

Now all {o(V,)V;} ;’:11 are distinct; for if not, then by the Haar condition
we can find ¢ € V” such that

(@) if N; = £L® then I; < L,q <u; if L; is not isolated in {L*} ¢ 4, other-
wise [; = L,q, and

(i) if V; = 2e, then N;q = N,f.
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Thus from the continuity assumptions we would have that there exists a K such
that u > K implies Iff < Nl'q <ul' if N, = +tL® and INf'q — N}'fi<d, if N; =
te . Hence g would be a better approximation to f from V" on E* than p,
since If —p . =d, >4d,.

Hence all R} = o(V}')N} are uniformly separated in the dual space of V",
i.e., there is an r > 0 such that IR} — Rl‘-‘ll > rifi+#j. Consider now the as-
sociated (n + 1)-tuples M = A}, A}, ..., N;4}) and pick h, € V" such that
Ri(h,) = oV¥) foralli €{1,...,n + 1} — {iy}, where i, is such that N;‘o =
te,. Then by Lemma 1, there is a constant C such that [N(h,)| < C for all
N € Q. Hence since Z'\'N¥ = 0 we have Zisio NN () = Ne NG (1)
where i < 1. Thus 2., N <C, whence z"“x" < C+ 1. We can there-
fore assume by taking subsequences if necessary that )\“ converges to A = (,,
Ay ovs N 4q). Thus ¥ =" - N¥ = 0on V" implies that /=X -N=0on
V™. But X # 0 since then @ = I*(f) would converge to 0, while d* >d, > 0.

Therefore, since 0 = E}': 1 N;N;, where ZX; > 0 and {o(V,)V;} X “ are all
distinct, we have that all \,>0,i=1,2,...,n + 1, again by the Haar assump-
tion. Thus if s = inf 7\‘:‘“ then s > 0, and we conclude that hm”_,,, If - p,lg
—-d,<0and hm“_,,,maxN_tLaN(f p,) < 0. Now d, increases to d<d
and so lp,llz < Ifl +d'. Thus p,, has a subsequence whlch converges uniformly
to p, which satisfies If — p,l; <d'<dand I, <L%p, < u, for all a € A.
Hence p, = p the best approximation to f and d' = d.

Since therefore any subsequence of the p, has again a subsequence which
converges uniformly to p, so does p,. O

NOTE 6. The argument in the proof of Theorem 1 extends to show that
in fact all R} = o(N;)N; are uniformly separated and thus that all A} are uni-
formly bounded, not just for the subsequence u = »,.

DEFINITION. If &, is a finite subset of & such that

sup  inf  lw, -, I<7,
wlearwzenr

then £, is called a discretization of  with mesh size r. If any n arbitrary dis-
tinct elements of £, are linearly independent over V", then £, is called non-
singular.

NotE 7. If V" is nearly Haar, the probability that a random £, is singular
is 0. By a modification and generalization of the argument in [6] (see also [3,
p. 84 ff]) we obtain the following result in case V" =P

n-1°
THEOREM 2. If P, _, is nearly Haar on S then the sequence p, generated

by the Remez algorithm on any nonsingular discretization 2, converges to the
best approximation p". Furthermore if the sequence r,, tends to zero, p'm con-
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verges uniformly to the best approximation p.

PROOF. P,_, is Haar on each £, and so pj, converges to p” by Theorem 1.
We claim ﬁrst that the p,, = p "m are uniformly bounded on E Let E,,
{x;e, €Q, }. Then If(x) -- pm(x)ll < Ilf(x)IE < =¥ Thus
Ipm(x)l < 2111 for all m. If [a, b] is the convex hull of E let Il, ee
be n disjomt subintervals of [a, b] with spacing at least € between any two of
them. Then since 7,, tends to O, there exists M such that for all m > M there
are points x,, ..., x, of E,, satisfyingx, GII.,]' =1,2,...,n. Using the
Lagrange interpolating polynomial form we can write

x
Prm (x)—Zp (xk)Hx —!

j*k "k i

Thus

- X, I b _ n-1

! l < 2nif1 =R
- X, €

J
independent of m and x. Hence {p,,} is uniformly bounded.

Thus there exists a uniformly convergent subsequence {pm } with limit

Po- We claim p, € V. If not, then there is an element LPe Sl such that
L"po —-lg=-e<O0or Lf Po — ug = € > 0. Suppose the first inequality holds.
Then lLﬁpm - L"p I<ihr- Ilpm — pol which tends to zero. On the other

hand, 7, < L“kpm for all L*k € SZ where s =r,, . Further, 3K such that
k=K nnphes the existence of L%k such that

b, < 3 Ip, eI I
k=1

j*k

[+ [
L%, — Lop | <IL7%p ,~L ol +IL Py - Lip|
k a
AL lp - Pl + IL % — LPlIp I < e/4

while llg — I, | <e/4. Hence

By _ 7 =718, _ 1% %
Loy =l =Lpo~L ¥, +Lp, ~1, +1, -1,

o
>-Lfpy - L Py |- 1

o~ gl > el2,
a contradiction. The case L"p0 — ug = € > 0 is contradicted analogously. Hence
Py E V5.

We now show If — pol = lIf — pll. Surely p, € ¥ implies If — pol >
If — pl. Assume Hf — pol — If — pl = € > 0. Let y € E where |f(») - P,
= If — pol. Then
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If = poh = If () — P, O)I
<) - I + 1) - p,, O+ Ip,,,k(x) =P, k(v)l

+lp, k(}’) = py0I

where x €E, and |x — y| < T Now
x) — < max |p’ b —
P, ) P, O zEW’]lp,,,k(Z)l be -yl
<2mn - 1)/ - a)l!pmkll(b -a)

by Markov’s inequality. But lp,, kll is uniformly bounded. Hence since also f
is continuous on E and p,, , converges uniformly to p,, we have that for k large
enough
bf — p I < max [f(x) - p,, ()l +e/2.
xGEm k
k

But then lIf — poll = If — pll + € implies p is a better approximation than p,, X
on Emk, a contradiction. Hence If — p,f = If — pll which implies p, = p by
the uniqueness of best approximation. Thus every subsequence of p,, has a
subsequence converging to p and so p,, = p'm converges top. O

NotE 8. In practice a discretization §2, may not be checked beforehand
to be nonsingular. And in fact if the elements of £, are chosen in a symmetric
fashion which corresponds to a symmetry in the function f, the likelihood that
§2, is singular increases.

2, may, however, be adjusted as the Remez algorithm proceeds so that
it may become nonsingular at least with respect to the sets of elements in the
(n + 1)-tuples appearing as extremal sets S? in the algorithm. This may be done
as follows.

After the Exchange Procedure, if S7, , does not have uniform rank n
(e, if 0= ZEHIN*IN'*! where ZN)*! > 0 but N/ *1 =0 for some /), then
replace N}, by another element N%, in the dual of ¥” so that the adjusted
S,'f_,_1 has uniform rank n, the new , still has mesh size r. This can be done
since V" is nearly Haar. Then reconstruct the (v + 1)st stage of the Remez
algorithm using the new adjusted §,. The probability is 1 that only a finite
number of such adjustments need be made, and if so the proof of Theorem 1
follows exactly as before.

It is easily seen that the result in [6, Theorem 4] proved for convex ap-
proximation goes over to the case of Restricted Derivatives Approximation
(RDA).
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THEOREM 3. In the case of R.D.A. there exist constants C and D inde-
pendent of m such that

If-pl-If-p™I<C- P2
and
If-p ™ - f - pl<w(fir,)+D-r_
where w(f; 0) is the modulus of continuity function of f.

THEOREM 4. In the case of one-sided R.D.A. (i.e.,
N={p€P, l,c(x)<eip '(x) g=%1,i=0,1,...,q}),

then the )\,m occurring in the Remez algorithm are uniformly bounded inde-
pendent of the discretization SZ,m

ProoF. If not, choose a subsequence X’m = (\jm, ..., X% ) such that

)\i'" = oo for some i and choose j, so that hmm_m()\,"'/)\i”‘) <1,1<i<
n + 1. By taking subsequences if necessary we can replace lim by lim and as-
sume that N'm = (Nym, . . ., Nn'ﬁl) converges to N = (N, ..., Nyyyp)-
Then letting m —> o in 0 = Z24! "'/)\I PNTM yields 0 = Zn ‘)\,N, where
\; = 0if N, = e, since )™ < 1 if Nym = te_. Nowletlbe the smallest
superscript in {V, = e’ A # 0} Now since for m large at least I + 1 of the
Nym = te  ((N;m}1} nt1 has uniform rank n), at least / + 1 of the N, =
Hence since we have one-sided approximation, ZXN; = E)\,e’ =0 (where €=
t1) on P,. But if the degree of p is /, then e’ p=c #0. Hence ecE)\i Oisa
contradiction. O

4. Simplifying the exchange. Suppose {R,, }"m*;ll is an arbitrary subset of
Q={L%,ec, Y {e,},eg of uniform rank n and we have a priori knowledge
about the signs of the coefficients a,,, in

n+1
) 0= Zl @, R, where ) la_|>0.
m=

Then the Exchange Procedure can be simplified, since the problem is to replace
some R}, by R’, so that the signs of the ocefficients in (1) are preserved; i.e.,
if R"+l = R" (m # m,) and R""’l = R}, then in the dependency

0= #}:; QPR Isign(@ ) =sign(e?), m=1,2,...,n+1.

If, in particular, the signs of the coefficients in (1) are known for every
choice of {R,, }'”‘l C Q then the matrix inversion and linear search of the
Exchange Procedure can be eliminated.
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NotATiON. We will sometimes refer to sign a,, in (1) as sign R, .
DEFINITION. Fix {x, x,, ..., X} C [a, b]. Let L} denote the linear
functional on P, _, defined by L p(i)(x,). Following Schoenberg, let

=0,1,.in=1
E= (ei=1'2"0k

be an m-incidence matrix, i.e. each ey is Oor1and 2(, Neij =m. If Eisan

m-incidence matrix, let m; = Z¥ e, j=0,1,...,n - 1,and M =3i_om,
j=0,1, ,n — 1. Then E is said to sansfy the Pdlya conditions if M; >
j+1 forj = 0, 1,...,m — 1, and the strong Pdlya conditions ifMi =2j+2
forj=0,1,...,m — 2. The n-incidence matrix E is said to be poised if the
set of n linear functionals { L{; e; = 1} is linearly independent on P,, _,.

In the following four statements of theorems, suppose that the n-incidence

matrix E satisfies the Pdlya conditions.

THEOREM A (POLYA AND WHITTAKER, SEE [4]). If k = 2, then E is poised.

THEOREM B (FERGUSON [4,p.24]). If k > 2 and if e j_1=€j4p =0,
€ ="'''=¢€irp_y = 1 implies p is even, then E is poised.

THEOREM C (SCHOENBERG, SEE [4,p.25]). If x, = aand x, = b, and if
2<i<k-1lande;=1imply e; =1 for each j' <j, then E is poised.

By combining the proofs of Theorems B and C given by Ferguson, we can
get the following result, which has also been given by Atkinson and Sharma

(see [2]).

THEOREMD. Ifx, =aand x, =band if 2<i<k -1 ande;; , =
€jp =0,€;=""" = ¢ j+p—1 = 1 imply p is even, then E is poised.

DEFINITION (SEE [4, p. 26]). Let the m-incidence matrix E have k rows.
Let f; be the column index of the first one which appears in row i. E is called
a pyramid matrix if, for each i, €; = 1 implies e =1for f; < j' <j, and there
is some value i (1 <i<k)sothatf, >f, >- 2 fiand fi<fii < <.
As examples, if the transpose matrix E? is

OO0 OO0~ O0O0OO0o
OO0 OO = m OO
O O O O O m = =
OO O0OO0OO0OO0 O =
OO O0O—=0O0O0OOoO
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(Henceforth in the examples we will often suppress the printing of the last zero
rows of E*)) or

0001 0O0TO0
0010100
0100010])
1 000001
then E is a pyramid matrix, while if E? is
1 01
010}
000

then E is not a pyramid matrix.

THEOREM E (FERGUSON [4]). If the n-incidence matrix E is a pyramid
matrix satisfying the Polya conditions, then E is poised with respect to the order-
ingxy <xp <-:--<x.

We will determine completely the signs of the coefficients o in the de-
pendency 0 = Z#*1a, R, where {R, }"*} is any set of derivative evaluations
(e{‘ i) whose (n + 1)-mc1dence matrix is a pyramid matrix satisfying the strong
Pdlya conditions. This then will yield a simple alternation scheme completely
simplifying the Exchange Procedure in a large class of linearly restricted approxi-
mation problems where ¥ is Haar on Q including, for example, Bounded Coef-
ficients Approximation.

NotATION. The situation of the preceding paragraph will be referred to
in the sequel as the pyramid situation, and we will say R = Ry, Ry ... R L)
€ PM,,. We will also assume R € PM,, is ordered so that if R, = ei then

Ryt e’ or eLH where;?llfz < iy and otherwise I>]

We ﬂrst recall the fundamental Tchebycheff result.

THEOREM 1 (TCHEBYCHEFF ALTERNATION). If M is an m-dimensional
Haar subspace of (([a, b]) and ZL]'ae, = 0on M for x; <x,, (i=1,2,

.om), theneyo;, , <0(=1,2,...,m).

LEMMA 1. In the pyramid situation, sign(e’, ) sign(e/, ) =L

PrOOF. (1) must hold on the 1-dimensional space V! = V" N {p; Rp =
0ifR #e] sk £ =0,1}. But Vi = (p®); p € ¥} is a Haar space on the in-
terval [x;, X;,1] by Theorem E. Thus, 0 = oye,, + &€, on ¥y, and the
result follows from Theorem 1. O

EXAMPLE. Consider E* (where we replace 1’s by .’s).
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The signs of the functionals e/, ; occur above them. Then we see that the alter-

oot T+t 7o

T+ 0000 *
000000 T

nation pattern of Lemma 2 occurs in the j = 0 and j = 1 rows. The other sign
relationships exhibited in this example will be demonstrated later (see Theorem 3).
From the fact that the determinant of a square matrix is nonzero on an
open set we have immediately the following technical lemma. Let A denote the
dual of V™.
LEMMA 2. IfR=(R,, R,, ..., R, ) has uniform rank n then there
is an open neighborhood N (in A"*1) of R so that if S = (Sy, S5, -+« » Sp41)
€ N then S has uniform rank n. Moreover, if 0 = Zih 'y R, and 0 = Z1L 18,5,
and a,B, >0 then 0, >0 (i =1,2,...,n+1). In fact if AP*? denotes
the subset of A"*! of (n + 1)-tuples with uniform rank n, then ARt ! is divided
into equivalence classes (components) so that S and T are in the class if and only
if there is a continuum between S and T lying in AR*1.

The following result is a lemma in the development of the final result on
the pyramid situation. It yields the alternation scheme for the important special
case of Bounded Coefficients Approximation and the method of proof general-
izes to other approximation schemes (see Theorem 5).

THEOREM 2. Consider the special case of the pyramid situation with R,, =
eiiwhere0=xo <x,<-++<x,andj=0for 1 <i<k. Thensign(ed)-
sign(eh) = (—1)'~9*! where q and 1 are adjacent (i.e., no j lies between q and ).
Furthermore sign(e, i) sign(e, “+ 1) =-1and if ey & {R,,} and q is the smallest
integer such that e €{R,,}, then sign(e}) sign(e, ) = - 1)*~".

ProoF. Consider the corresponding Vandermonde matrix

1 x X x-!

1 x, x: x5!

1 x X x-!
18, 0 0 0

o 15 0

o o 2, 0

0 0 0 (n - 1)!8,._,
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m=1
that S, _, ., contains n — k + 1 elements. Then Z’,;,";‘lamRm = 0 corresponds
to the n relations

where 8, = 1 if s €{j; e}, € (R, }%E } = S, _; 4, otherwise 5, = 0. Note

) f:amxfn=—s!83a;, s=0,1,...,n-1,
m=1
where {“;}5f1 ={a, 1t ..

Now, as functions of s on [0, =), {xfn },’§l=2 form a (k — 1)st order Tche-
bycheff system since all x; are distinct and positive. Thus by the well-known
nonsingularity of the Vandermonde matrix, the a,, are uniquely determined (up
to a multiplicative constant) by noting that §; =0 fors€{0,1,...,n -1} —
S, _x+1 = T, _, where T, _, contains k¥ — 1 elements. For a fixed nonzero
k-tuple (o, @5, . . . , @;), consider F(s) = E:‘"._.lamxfn. Then as we have noted
F{(s) has exactly (k — 1) zeros on [0, =) and they occur in T _,. Hence F is
of constant sign as s varies between two elements of T, _,. By (2) therefore,
sign(a;) is constant for all s €S, _, ,, between two consecutive elements of
T, _, and changes sign as s passes over each element of T)_,. We conclude
that sign(e]) sign(ef) = (=1)'~9*! where q and [ are adjacent in S, _ ., ;-

Lemma 1 shows that sign(e,, 1) sign(e,, w) =" L If ey € {R,,}, by Lem-
ma 2 we can move €y, continuously to e, staying always in the (uniform rank
n) pyramid situation to conclude that sign(e§) sign(e,, )=C 1)?-1 (which is
the case if x; = 0). O

COROLLARY 1. Theorem 2 provides the alternation pattern for Bounded
Coefficients Approximation, thereby completely simplifying the Exchange Pro-
cedure in this case.

ExAMPLE. Recall that
n-1
Vg={,,= S e €p, bl <q < (i=0,l,...,n—l)},

where c; and b, are given extended real numbers, and ¢, < f(0) < by. Then
Vi=peP |labl;l<ép<u (=0,1,...,n-1)}

where /; = ilc; and u; = i!b;. Suppose at stage » the n + 1 functionals forming
the extremal set are

+15 +12 +11 +10 _¢ —5 _ + - +

(4 e, € e, e e, e e ‘"¢ e
0 0o 70 0 "0 "0 "x,"x, Xp_1 Xk

where x; < x;,, and we write R for +R. Thus if N =&, where x, <x <x,,
N, replaces é"x , While if Ny =€, N, replaces €, o Ny =¢,, where 0 <x <
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x, then Ny replaces g, while if N3 = &, N% replaces €5. If Y = &] then NV,
replaces £1°, while if N = &7 then N replaces & g. 1f N% = &, where x,,,, <x
+1» While if Ny = ;x then Ny, replaces 3})5.

variable (x «— — x) in Theorem 2 we obtain the following

then N} replaces gx
By a change of
result.

COROLLARY 2. Consider R € PM,, with R,,, = e/, where x, < -+ <x,
<x,,1=bandj=0for 1<i<k Then sign(e?) sign(e})=—1 where q and l are
adjacent (i.e., no j lies between q and I). Furthermore sign(e, 1) sign(e,, i+ l) =
=-1. Ife, & {R,,} and q is the smallest integer such that e‘g €{R,,}, then
sign(e}) sign(e, ) = - 1.

EXAMPLE.

+ - + - +5 -6 +10-11 +12 —-15
exlech s e"k-ne"k €, €, ¢ € € ¢

Note 1. If b = 0, Corollary 2 gives the alternation scheme for Bounded
Coefficients Approximation on [a, 0).

The following lemma provides a useful method for determining the signs
of the coefficients in (1) in many cases of restraints at Birkhoff data.

Lemma 3. Suppose R € PM,, and ¢!, and ¢!, are entries in R with
signs — and + respectively, and such that if eir follows ei 1 in the ordering,
then 1> j. Let R' be the (n + 1)-tuple coinciding with R except that e{c 1 is
replaced by e,:’cf L. Then either () R' € PM,, and sign(R}) = sign(R,) if R, +
el p or (i) R' less &), , belongs to PM,, _, where each j is replaced by j — 1.

ProOF. That R' € PM, or R' - {e/, J} €PM,_, is immediate from the
“l > j” condition. Then write

n=1 h) — B(h [eifl-h - eil]
R = k; o, (MR, + P eii + B(h)

where 0 <h <x;,, — x; and Z' denotes Z}*} minus the two terms where
R, = e{ci and ei,~+h’ Then sign o, () = sign &, (x;,, — x,) and sign (k) =

sign B(x;4, — x,), since none of o, (k) and S(h) can have a zero for 0 <h <
X;41 = %;- This follows since R(r) = R with ¢, replaced by e/, , ,, remains

Xi+1
in PM,, and thus has uniform rank n. But also
R n+ l' R 7 +1
= a + el +
1 k§2 e T x; ﬁe x, ’
with all coefficients nonzero except perhaps ¥. Since (ej{i h = ei i)/h approaches
e/*1 weakly in A, the dual of V", a finite dimensional space, the convergence

xi
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is also norm convergence in A. Hence o, (k) converges to o, whence sign o =

sign o, (x4, — x;) and B(h) converges to B whence sign § = sign f(x,, , —x;). O
EXAMPLE A. In the situation of Theorem 2, by repeated application of

Lemma 3 the functionals e, , may be replaced by derivative evaluation functionals

at a single point, say x,, i.e., we may replace e, by e,("l"), 1<i<k. Toil

lustrate this consider the following example.

+ - + -

Note that the signs —, +, 0, 7 of the functionals e, , e, el, e3 do not change.
Thus as an alternative in the proof of Theorem 2 we can examine the Vander-
monde matrix

+1

1 x, x x]

0 1 2x, --- (n—1)x~2

0o 0o 2 (n - 2)n - 1)x~3

. : n

0 0 o n-1,_,x
15, 0 0 0

0 15, 0 e 0

0 0 2, 0

0 0 o0 -1, _,

Then F(s) = Z¥ _; a,,(9),,, _ X3 ™ !, where (5),,_, =s(s— 1)+ (s—m +1).
Without loss of generality take x; = 1. Thus F(s) = Z¥,_, @,,(5),, _; =P, (5)
where p;(s) is a kth degree algebraic polynomial whose only zeros are at the k — 1
points s where §, = 0.

Lemmas 1-3 give rise to a technique for solving the alternation problem
for an arbitrary pyramid situation (R € P).

EXAMPLE. Suppose we are given the following, R = (R,, ..., Rg) €
PM,, and we wish to determine all the signs, given that sign(R,) = 1.
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+ + - +
4 5 6 4 5 6
@) ()
L2
L1
7 8 7 8
1 2 12
+ - +
R 5 7
L3(1) / y(l), .
L3Q2) 7 8
L.1 i é
- + - +
—’ . . . .
L3(1) 7 )8
L3(2)
L1 . 3@ )
1 2
+ -+ - 4+
.—-’ . . . . .
L.3(1) 1 2
L3(2)
L3(3)

Hence R, (i=1, ..., 8) have signs +, —, +, +, —, +, —, + respectively.

An examination of this example indicates immediately the proof of the
following alternation scheme for the general pyramid situation. We refer to the
topmost row of functionals at each stage as the determining block.

THEOREM 3. Consider the general pyramid situation (R € PM,,). Let R,

=e| and Ry, = e and o = sign(Ry) sign(Ry. ). Ifr <}, then o =
(—l)}“’“, while if r 2 j, then ¢ = -1,
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ProoF. From Lemma 3 we see that as the kth determining block of func-
tionals in PM, _, moves down to form the (k + 1)st determining block in
PM(n_ k—1) the kth block loses only the leftmost functional and the other func-
tionals retain the same sign. Thus if new functionals are picked up at the right
and on the left to form the (k + 1)st determining block, ordinary alternation
occurs among all the functionals in the new (k + 1)st determining block. The
result follows by induction. O

Note 2. Theorem 2 also follows from this technique of repeated applica-
tion of Lemma 3, since Theorem 2 is a special case of Theorem 3. The proof
given in Theorem 2 generalizes, however, to situations where the “Lemma 3”
type proof does not (see Theorem 5).

DEFINITION. A = B will mean that for a € 4 eithera = b forall b €B
ora<bforalde€EB.

COROLLARY 3. Theorem 3 provides the alternation pattern for approxi-
mation from V% = {p €P,_, [a, b]; [;x) < p(x) < uy(x) on E,, where [a, b]
CEqand E; > UL JE; fori=0,1,...,n -1},

As examples we have restricted range with Bounded Coefficients Approxi-
mation and approximation by polynomials which are required to be monotone
(or convex) in an interval outside [q, b].

Note. The exchange is made so that the alternation pattern is preserved.
The exchange is done exactly as in the case of Bounded Coefficients Approxi-
mation on the “left side” of the pyramid while the ordinary alternation pattern
holds on the “right side” of the pyramid.

COROLLARY 4. By Lemma 2, if R € PM,, then the alternation scheme of
Theorem 3 also holds for any S in the same component as R in A"* 1. For ex-
ample we can replace each R,, = ei ; by S,, = [Z.( D du;; where ; is a posi-
tive measure such that the convex hull of its support c;; contains x; and such
that none of the ¢j; intersect.

THEOREM 4. If V™ is Haar on Q = {L%},c 4 U {e,} g, where E = [a, b],
then the ordinary alternation pattern occurs among the point evaluations. (lLe.,
ifR=R,,...,R, ;) EQ", all R, distinct, and {exi}f.;l ={R}H'n
{e,},ck, then sign(en) sign(ele) =-1,i=1,2,...,k-1)

ProOF. V¥~1= V" N {p;R;p = 0 for all R, # e,} is an ordinary Haar
space on [a, b] and the result follows from Theorem 1. O

Note 3. If V™ is Haar on £ and if in the Exchange Procedure R = e,
where x; <x <x, and x,, x, are adjacent in E”, then sign(e, l) sign(e,, 2) =
— 1. The Exchange Procedure is therefore simply that e, will replace that e, .
such that sign(e, ) = sign(e, i).
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By generalizing the procedure of Theorem 2, we now treat the case of n
arbitrary linear restrictions on P, _,,ie.,{L%},c 4 = {Li};’z‘al and V" =
P,_,la b] is Haar on Q = {Li}?;ol U {e,}ie(q,p)- Without loss of generality
let [a, b] = [0, 1].

We wish to determine the signs of o in 0 = Z4 'oR; if R = (R, R,,

R,.,) € Q"1 where all R,, are distinct. Suppose without loss of gen-
erahty that R, ., = e, (by Lemma 2 e, o S be moved continuously to e,
without changing the signs of the o), Rk+m+l =L'm form = 1,...,n-k
and R; =e, fori=1,2,...,k where x; <x;, . Then since 0 R,
must also hold on P, _; N [L"‘p =0,m=0,1,...,n -k — 1] and since
P,_, is Haar on & we see from Theorem 4 that the ordinary alternation pattern
occurs among the e, ple. sign(e, i) sign(e, "+ l) =-1.

We now examine the alternation pattern for the L™ . By the same argu-
ment as that in Example A we can use Lemma 3 to replace e, by e,i=1

» k. (Correspondingly replace R by R'.) Then let v, €P,_, be dual to
{L’};’;;,1 ,ie., L’vj = Bi]- (0 <i, j<n -1), and consider the Vandermonde-type
matrix

ve(D) v,(1) < v,_, (1
PRORE S O RO

vgk—l)(l) vgk—l)(l) e (k l)(1)

5, 0 0
0 5, 0
0 0 U

where 8, = 1if L* €{R,,}7t], otherwise 5, = 0. Denote {s; 5, = 1} by
Sy _k+1+ Now extend vy(x) from {0, 1,..., n -1} to [0, °°) as follows.

‘(x)—z i=0,1,...,n-1,

j=0
so define
n-1
v =x" ¥ p)¥,
j=—(n-1)
where p, €P, _;_, and Pi() = @544y, 0<i+j<n—1. Let
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0,0= X (+9),_p6 m=12...,n
fl€n—1

{a,,) is a set of auxiliary algebraic polynomials depending only on (-1
and the ordering L%, L', ..., L"~!. (The p; depend on the {v;}}:5 =1 being
ordered.)

Then E""’ 1°‘mR = 0 corresponds to the n relations

€)] Z @, V" D(1)=-50a, $=0,1,...,n-1,

where {a;}5 F1= {a, }" T x+1- Now P, _, is Haar on [0, 1], the {v,},_o are
linearly mdependent inP,_,,andd,=0fors€{0,1,...,n -1} =8, 4,y
= T)_, where T, _, contains k — l elements. Thus the a,, are uniquely deter-
mined (up to a multiplicative constant). For a fixed nonzero k-tuple (a,, a,,

. » 0 ), consider

k
Fa= 2 a0 = 5 0, 50+, 50
k
= Z_:l «,q,,©6)

Then o, = Fg(s) for s €S, _; . Suppose now that Ry (#e,) is to replace
some R} in the Exchange Procedure. Determine Z » »(8) to be a polynomial
2K 18,18, (5) Which vanishes at s € T;,_; — {S,} and takes the value 1 at s,
where R, 0= R’,. Then consider Q,(s) = FR,,(s) + N2 ,,(s), where [A| is the
first value larger than O so that 0, (s) = O for some s € S _k+1>53y §;. Note
that

= min |F (S)/Z Ll

Sy_k+1 R

Then R}, replaces R, , and Fovs1(s) = Fop(s) + A u(9)-
We summarize this result as follows.

THEOREM 5. Consider the case where P, _, [a, b] is Haar on {L}}5' U
{ex}xe[ ab) Determine the auxiliary polynomials {q,,(s)}5,=, according to the
procedure given above. Suppose at the vth stage of the Remez algorithm we
have R* = (R}, RY, ..., R\ ,) and we wish to replace some R} by Ry. Sup-
pose the point evaluations in {R}} have masses at x; <x, <+ - <x,.

There are four options:

@) If R, =e, where x; <x <x;,, orx <x, and sign(e,) = S1gn(ex1),
or x > x; and slgn(ex) slgn( k), exchange R for some R; = e, in the usual
way since by Theorem 4 the ordinary alternation pattern occurs among the e, o

ie., sign(e, ) sign(e,., )=-1.
xj i+1
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@) If Ry = e, where x <x, and sign(e,) sign(e,, 1) < 0 or where x > x,
and sign(e, ) sign(e,, k) <0, then use the ordinary Exchange Procedure. (R}
will replace R; #e,.)

(iii) Otherwise determine FR »(8)and Z R »(5) according to the procedure
given above, i.e.,

k
F v(s) = Z amqm(s) =0 on T:_.l ={s; 8, = 0},
R m=1

k 0 onTy ., —{s,},
Z,0=Y 8,4,0= { k=t 7o
R m=1 1

1fs=so.

Let s, yield ming K+1 IFRv(s)/Z R,(s)l and let Q(s) = FR W(8) + J\ZR,,(s),
where A = — FR v(8,)/Z R,,(sl).

If sign Q(s) = sign F,,(s) on S, _, ,,, then R, , is exchanged for R}.
(Then also FR,,+ 1(8) = Q(s) and there is eliminated the need to recalculate
FR,,+ 1(s) if option (iii) is taken at the next (v + 2)nd step.)

If sign Q(s) # sign FR,,(s) on S, _, ., take option (iv).

(iv) RY # e, must replace either e, L 0T, and so use the ordinary
Exchange Procedure to determine which.

Note 4. 1In option (iii) to calculate (8,,8,, ..., By) requires a k x k
matrix inversion (2 < k¥ < n). Compare this with the n x n matrix inversions
required in the ordinary Exchange Procedure. The larger the number of restric-
tion extremals, the greater the saving in computation.

Note 5. Since in the siutation of Theorem 5, there are a fixed finite num-
ber (n) of restrictions, a table can be formed (using Theorem 5) listing, once
and for all, all the (roughly 2" = Z%=o(})) possibilities. From this table the rule
of exchange can be determined at each stage of the Remez algorithm.

COROLLARY 5. If{q,,(9)}},=, is a Markov system on [0,n — 1] (i.e.,
{4, )}, is a kth order Tchebycheff system, k = 1,2, . . . , n), then an al-
ternation scheme exists identical to that in Theorem 2. That is, if
i i
R=Q'L?...,L" ke

'€ ,...,€ ),
X Xl Xk

()}
where the L'j (and e, i) are ordered, then

i -
(sign L'?) sign(L'9*1) = (-1)'a ‘a1t
i i -1
sign(L "~*) sign(e, )= (-1)"~*
0
and
sign(exi) sign(exi“) =-1.
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Also then the Exchange Procedure is completely simplified.

ProoF. The proof follows completely analogously as in Theorem 2. O

EXAMPLE. In the case of Theorem 2 (Bounded Coefficients Approxima-
tion), where the ei are ordered as usual, we see that u(x) = x°,ie., py(s) = 1
while p;(s) =0, 0 < /| <n — 1, whence q,,,(s) = (5),,, _,, and {q,,, (5)} };,=; is
a Markov system on [0,n — 1].

DEFINITION. {M}72, = {efji}}{l_ , is called a set of poised Birkhoff data
ifM={M}Z, U {ex”}"::m_,_ 1 is linearly independent in the dual of P,_, for
all choices of distinct €, & (M;}2,. We will say that P, _, is Haar on [q, ]
relative to {M,}72,.

ExAMPLE. Let the incidence matrix for M satisfy the conditions of The-
orem D. Included here is the case of Hermite data and “Ferguson-Atkinson-
Sharma” data.

Consider now approximation problems where V" = P, _, [a, b] and in-
cluded in & = {M;}2, U {ex}xe[ a,p] i @ set {M;}2, of poised Birkhoff inter-
polatory data. Thatis, Vg ={p €EV";Mp=m;(i=1,...,m)},and M;f=
m; if M; = e,.. We assume without loss of generality that all m; = 0, for we can
approximate f — p, where M;p, =m; (i =1, ...,m). Thus we approximate
from Vg™ =P, _, N{p;:Mp=0(@=1,...,n)}

THEOREM 6. Suppose P,,_, is Haar on [a, b] relative to {M;}}%,. Then
we approximate from Vg~™ =P, _ N{Mp=0(=1,...,m)}. IfR=
(exl, SRR exn-m+1) isan (n — m + 1)-tuple of extremals where x, <
X, S+ <X,_,.4+1, then alternation occurs as follows: sign(ex‘_) sign(ex‘, + l)
= (—1)?*! where q is the number of Hermite data in {M}, at all x where
X <x<Xp4-

ProOF. Consider 25" * aze, , = 0. Suppose for some j, sign(e, )

. sign(exl, )= (=1)?. Then let p € V5™ such that p # 0 and p(x;) = 0 for
i€{l,2,...,n—m+ 1} —={j,j + 1}. Then p has no other zeros in [xi, xI-H]
except those at the Hermite data. So if x € (x;, x;,,) and {e,, e}, . .., e1x}
C{M}Z, thenpx) =p'G)="---= p(qx)(x) = 0 implies p changes sign g,
times at x. Hence p changes sign ¢ times in (xi, Xy 1)- Thus sign p(xj) .

sign p(xi+ 1) = (1), Then o; sign p(xl.) + &, P(x;4,) # 0, a contradiction. O

Note. P,_, is Haar on [a, b] relative to {M;}72, implies that V3—™ =
Py yN{Mp=0(@=1,...,m)}is Haar in each E; = [a, b] — N5 where N;
is an open neighborhood of total length & containing each x such that M, =e,.
So since the best approximation p to f from V'’ exists and is unique (see [2])
and since p(x) = f(x) for M; = e, , we see that the extremal set of the best ap-
proximation to f from V=™ lies outside some N, . Hence the Remez algo-
rithm can be applied where Q = {e_} Es, and 8, is sufficiently small.



THE REMEZ EXCHANGE ALGORITHM 127

COROLLARY 6. Theorem 6 provides the alternation pattern for approxi-
mation with interpolation at poised Birkhoff data, thereby completely simpli-
[ying the Exchange Procedure.

Note. Asin [7], Theorem 6 can be extended from P, _, to extended
Tchebycheff systems. Also other restraining conditions {L*},c , can be added
with the hypothesis that V3~ be Haar on Q = {L*},c, U {ex}xGEso' Then,
as in Theorem 4, the conclusion of Theorem 6 applies to the point evaluation
functionals.

EXAMPLE. An example is Polynomial Approximation with Interpolation
(at strictly Hermite data). (See Example 7 of §1 and [7].)

We can, as a special case in the above note, add in poised Birkhoff inter-
polating restraints {M;}%, to pyramid type restraints and determine the alter-
nation pattern by combining the results of Theorems 3 and 6 in the obvious way.

THEOREM 7. Let V7 be as in Corollary 3 and let {M]};), be poised Birk-
hoff data on each E’i,j =0,1,...,n~1. Let Emi =m. Then the Remez
algorithm can be applied to Vg™ = V: n{p; M{ p = 0} with the following
alternation scheme. Let R €PM, . LetR, =€ and Ry, , =€, and 0 =
sign(R,) sign(R, +,)-

@) Ifr<t theno = (-1)\-"+1,

(i) Ifr=t, then 0 = (-1)7*! where q is the number of Hermite data
in {M,’} at all x where x; < x < x,.

(i) If r>t theno=-1.

EXAMPLE. As an example we have restricted range approximation with
Hermite interpolation.

Finally we wish to consider the case where V" is not Haar on 2 and in-
vestigate what alternation properties hold and what simplifications can be made
in the Exchange Procedure. We will confine our attention to Restricted Deriva-
tives Approximation (R.D.A.).

From Theorem 2.1 we know that p is a best approximation to f if and
only if

r r+s+l>\ ii
0=)> Aoe_ + a.e
@) i=z:l i x; l=§-l itx,

for some T={e/}{*7*" C S' where j, >0, 0, = sign(e}?), all A, >0 and r +s

<n+1l.

THEOREM 8. In the case of R.D.A., suppose that if X; € (a, b) then eg
and ei‘i” do not both belong simultaneously to T. Let t equal the number of
ef“ . where x; € (a, b). Thenifr + s+t = n + 1, we have alternation oceurring
among the € in(4)ie, ifx, <x,<-- ‘<x,then 0,0, , =~ 1,i=1,2,
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., r — 1. In fact, the alternation pattern among {eg i} x=aorb U {e, 1};=1 is
that of Theorem 3 (the pyramid case).

PRrROOF.

Iy iy it r=1 _ rpiyn
{exi}xfa ord v {exi’ exi }xie(a,b) v {ex“ ii=l - {R }i=l

gives rise to a poised incidence matrix by Theorem D. Thusif p €P,_, and
Rp=0(@G=1,2,...,n),thenp =0. Suppose alternation among the €, does
not occur, say 0;0;, y = + 1.

Then choose p # 0 satisfying Rp = 0 for all i #j, j + 1. But then from
40= )\,-a,-p(xj) + X1+l°i+ lp(xi+ 1) which contradicts the fact that p cannot
have another zero in [xj, Xi41 ]. The analogous argument shows that in fact the
alternation pattern among all {egg i} x=aorb U e, ; 7= is that of Theorem 3 (the
pyramid case). O

ExaMmpLE. In [6, Example 7] we have that in the case of Monotone Ap-
proximation where f(x) = x”, on [—1, 1] and n = 7, the extremal set is {e_,,
?-.s' €s Zx' -‘“-.4’ z-lu-.4}-

ExaMPLE. In [6, Example 2] we have that in the case of convex approx-
imation where f(x) = |x] on [-1, 1] and n = 6, the extremal set is {¢_,, 3__4,
% 84,7, 82,82}

Note. Theorem 6 can be strengthened by removing the requirement that
eii s and efji“ not both belong to T and requiring instead that after adding some
auxiliary functionals e,"i;“ to T to form even blocks (see Theorem D) the num-
ber of elements in the augmented set T equals n + 1.

In the case of Theorem 6 note that the auxiliary extremals are the same
auxiliary functionals occurring in the uniqueness results [2]. In fact we have
the following result.

COROLLARY 7. In the situation of Theorem 6, p is a best approximation
to f from Vi N {op'i*'(x) =c|ifx, €@ b),i=r+1,...,r+s+ 1} and
p is a best approximation to f from K = {p €P, _,; < o,pii(xi),i =r+1,

rts+landc;=op'it\(x)ifx, €@ b)i=r+1,...,r+s+1}.

PROOF. If ¢/(x) is a lower restraining function for o,p’i(x) then o,p’i(x) -
¢,(x) = 0 at x; implies that a,.p’i“(x) — ¢j(x) = 0. The result follows from
Theorem 2.

THEOREM 9. If in (4) there are only t eii y such that x; € (x,, x,) where
t=0or1, then

@) ift=0, thenr+s=n+ 1 and the alternation pattern coincides with
that in Theorem 3 (i.e., the pyramid situation);

@@ ift=1,thenn<r+s<n+1.
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If n = r + s, the alternation pattern is again that of Theorem 3 among all
the functionals excluding eﬂg s which itself appears with a positive coefficient in (4).

If n + 1 =r + s, the alternation pattern is the same as in (ii) with exactly
one exception.

ProOF. In case (i), the functionals are of pyramid type. In case (ii) if
r + s <n, then adding e,iji“ would lead to a poised system making the depend-
ency (4) impossible. Thus r + s = n. If r + s = n, the conclusion follows from
Theorem 8. If r + s = n + 1, then exchange one of the functions, say e
(4) with ie"“ by the Exchange Procedure so that e’i remains with posmve
coefficient (and all the other functionals have the same sign as in (4)) One of
either +¢/* ! or — /" will accomplish this, for if both replaced e’s It 't , then we
would have two essentlally different dependencies involving e/ It and the other
functionals. But this is an impossibility, for the other functxonals less e’ i have
rank 7 and e i“ can therefore be written in terms of them in exactly one way.
Then TU {e’ } {e" } satisfies condition (i) of Theorem 9 by Theorem D.
Thus, ignoring e" we see that the alternation pattern is the same as in (ii). O

EXAMPLES Theorems 8 and 9 reveal the alternation patterns for all the
twelve examples in [6]. For example in [6, Example 5], we have that in the
case of convex approximation where f{x) = In 2.1 —In(x + 1.1) on [-1, 1]
and n = 6, the extremal setis {§_,, €_, &_ 4, 63, ¢ 7,83 andin ac-
cordance with Theorem 9, if either & _ 6 Of & _¢ is suppressed, the remaining
functionals (ignoring &2 o) alternate as in the pyramid case. (ieo would replace
either 3__6 or 2'_6 in the Exchange Procedure.)

Another interpretation of the alternation scheme in Theorem 9 would be
thatift=1andn+ 1 =r +s, then 32 , acts like the functional which would
make the functionals of pyramid type. In the example mentioned just above,
for instance, é 2 acts like &, where —.6 < x < .6 (e.g. take x = 0).

In all the examples in [6] where t =1andn+1=r+s5, e’il acts like
te, m the above sense. If this were always the case we could always predict
whlch functional e’i would replace in the Exchange Procedure as long as t = 0
and we could snnphfy the exchange. This need not be the case, however. Con-

sider the following extremal configuration during Monotone Approximation by
P, where the cubic p; (unique up to scalar multiple) is drawn through points
symbolized by 1, 2, 5, where ¢ denotes the point between 2 and 5 where p3(c) =
0 and e denotes an extremal to exchange.

w|

-+
12

Ht+ W)
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Note that 3 <c, since azp,(3) + a,p3(4) = 0 where a;a, <0. Draw a new
cubic g through e instead of 1 and let g3(c’) = 0. We can always assume that
3 was close enough to ¢ so that switching from p; to g5 caused ¢’ to be on the

opposite side of 3 as was ¢. Hence ¢’ < 3 and so € clearly cannot replace 1 but
must instead replace either 5 or 3 (by Theorem 9 there is alternation among the
e, with only one exception). Thus we end up with the following configuration.

- -+ - o - - + -
+ +
Thus even if # = 0 it cannot be predicted which functional is replaced by eii y
from the alternation scheme. And also if # = 1 and €, is to replace some ?x,
it cannot in general be determined which one without going through the Exchange
Procedure. There are, however, some cases when the rule of exchange is obvious.
For example in the configuration

13353
i

if ¢ occurs between 3 and 5, then surely & will replace i

We conclude by pointing out that for all the approximation problems dis-
cussed in this paper if there is exactly one extremal (n + 1)-tuple N = (NV,, N,,
..., N, ) with distinct entries for f and p then, in the Remez algorithm N* =
WY, N3, ..., Ny, ) converges to N. We conclude, therefore, by noting the
following result.

THEOREM 10. For any approximation problem discussed in this paper, if
there is exactly one extremal (n + 1)-tuple N= (N, N,, ..., N, ) with dis-
tinct entries for f and p the best approximation, then in the Remez algorithm,
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N’ =N}, N3, ..., N%, ) converges to N. Thus there exists K such that v >
K implies that, in the Exchange Procedure, N, replaces that N}’o yielding

Note. The situation of Theorem 10 is, of course, the usual one, and thus
if K can be determined, the Exchange Procedure after the Kth stage is greatly
simplified.

Note. Computational examples will be carried out on the computer and
will appear later.

The author wishes to thank Professor G. D. Taylor for his most helpful
encouragement with respect to this paper.
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